ABSTRACT. For the category V of complex algebraic varieties, the Grothendieck group of the commutative monoid of the isomorphism classes of correspondences X 
INTRODUCTION
The algebraic cobordism Ω * (X) of Levine and Morel [12] is generated by cobordism cycle, which is the isomorphism class of (M − → X; E) with f : M → X a proper morphism from a smooth variety M and a complex vector bundle E on M , introduced in a recent paper by LeePandharipande [14] . In [26] we discuss bivariant-theoretic properties and aspects of cobordism bicycles of complex vector bundles, but in this paper we will not treat such bivariant-theoretic aspects, instead we consider characteristic classes of singular varieties on proper-smooth correspondences and also on cobordism bicycles of complex vector bundles. defined by
is well-defined because the pullback h of a proper morphism h is proper and the pullback g of a smooth morphism g is smooth, and the composite of two proper morphisms is proper and the composite of smooth morphisms is smooth. Here we consider the following commutative diagram and the middle square is the fiber product:
Then from the category V of complex algebraic varieties we get the following category Corr(V ) pro−sm of proper-smooth correspondences:
• Obj(Corr(V ) pro−sm ) = Obj(V ), • For two objects X and Y , hom Corr(V )pro−sm (X, Y ) = Corr(X, Y ) pro−sm
On the category V of complex algebraic varieties, let us consider Baum-Fulton-MacPherson's Todd class (or Riemann-Roch) [2] td BFM * : G 0 (−) → H * (−) ⊗ Q, which is a (unique) natural transformation from the covariant functor G 0 (−) of Grothendieck groups of coherent sheaves to the covariant Chow homology 1 functor H * (−)⊗Q with rational coefficients. Then these two functors G 0 (−) and H * (−)⊗Q and the the natural transformation td
(−).
Furthermore, the set of isomorphism classes of proper-smooth correspondences becomes an Abelian monoid by taking the disjoint sum and its group completion shall be denote by Corr(X, Y ) In a similar manner we can extend the other well-know characteristic classes of singular varieties ( [16] , [3] ) to the enriched category C orr(V ) In §6 we deal with the category of smooth varieties and zigzags in this category. 
ENRICHED CATEGORIES OF CORRESPONDENCES
Definition 2.2. The category Corr(V ) of correspondences of V is defined by:
(1) Obj(Corr(V )) = Obj(V ).
(2) For two objects X and Y , the set of homomorphisms from X to Y is defined to be Corr(X, Y ), i.e., hom Corr(V ) (X, Y ) = Corr(X, Y ), where the composition
where we use the diagram (1.1).
Definition 2.4. Let A b be the category of abelian groups. A functor E : V → A b is called a totally bifunctor 4 if it is both a covariant and a contravariant funcotr.
If E satisfies the base change formula, i.e., for any fiber square (left square) the diagram (the right square) commutes:
Suppose that we have two totally bifunctors E 1 , E 2 : V → A b satisfying the base change formula described above and a natural transformation τ : E 1 → E 2 , which means that it is a natural transformation form the covariant functor F 1 to the covariant functor F 2 and at the same time it is a natural transformation form the contravariant functor E 1 to the contravariant functor E 2 . Then we get two covariant functors associated to the bifunctors
Since we have the following commutative diagram for a correspondence
the natural transformation τ : E 1 → E 2 give rise to the associated natural transformation between two covariant functors E 1 , E 2 : Corr(V ) → A b:
Namely, for an object X, T : E 1 (X) → E 2 (X) is nothing but the homomorphism τ :
transformation means that the following diagram commutes:
which is nothing but the above commutative diagram (2.6).
Remark 2.7. We define the following subcategories Corr(V ) −,id , Corr(V ) id,− of Corr(V ):
. Then, if we restrict the functor E : Corr(V ) → A b to these two subcategories, then E : Corr(V ) −,id → A b is the same as the covariant functor E : V → Ab and E : Corr(V ) id,− → A b is the same as the contravariant functor E : V → Ab.
Two correspondences
− → Y in the category V are called isomorphic if there exists an isomorphism h : M 1 ∼ = M 2 such that the following diagram commutes:
] and the set of isomorphism classes of such correspondences becomes an Abelian monoid by taking the disjoint union, i.e.,
The definition is well-defined, i.e., it does not depend on the choice of representatives. The group completion of this Abelian monoid, i.e., the Grothendieck group of a commutative monoid, is denoted by Corr(X, Y ) + . We observe that the product of correspondences (Definition 2.3):
can be extended to the Grothendieck group Corr(X, Y ) + , i.e., we have the following bilinear product:
Lemma 2.8. For three varieties X, Y, Z we have the bilinear map
Proof. It suffices to show that the following
is well-defined, i.e., is independent of the choice. Namely, (X
This isomorphism follows from the universality of the fiber product and from the following commutative diagrams: (
Here is an enriched category version of Lemma 2.5.
Lemma 2.12. Let E : V → A b be a totally bifunctor satisfying that • (The base change formula):
We define E :
Suppose that we have two totally bifunctors E 1 , E 2 : V → A b satisfying the base change formula and the isomorphism condition (described in the above Lemma 2.12) and a natural transformation τ :
Then, in the same way as in the previous section, we get two covariant functors
and a natural transformtaion T : E 1 → E 2 .
ENRICHED CATEGORIES OF PROPER-SMOOTH CORRESPONDENCES AND CHARACTERISTIC CLASSES OF SINGULAR VARIETIES
In this section we consider proper-smooth correspondences
, f : M → X is a proper morphism and and g : M → Y is a smooth morphism. The set of all such proper-smooth correspondences from X to Y is denoted by Corr(X, Y ) pro−sm . As explained in the introduction, the following product is well-defined:
Definition 3.1. Let Corr(V ) pro−sm be the category of proper-smooth correspondences. Namely
The set of isomorphism classes of proper-smooth correspondences becomes an Abelian monoid by taking the disjoint sum and its group completion shall be denote by Corr(X, Y )
When Y is a point pt, Corr(X, pt) + pro−sm is the same as M + (X) defined in [12, 10] .
Using this we can define the following A b-enriched (or preadditive) category associated to such correspondences:
(
of Grothendieck groups of coherent sheaves to the covariant Chow homology functor H * (−) ⊗ Q with rational coefficients such that for a smooth variety X the value td
the Poincaré dual of the total Todd class td(T X) of the tangent bundle T X, where O X is the structure sheaf of X.
Remark 3.4. The covariant Chow homology functor can be replaced by the Borel-Moore homology theory. But since we use the base change formula [8, Proposition 1.7 and Theorem 1.7] later, we need the Chow homology functor. In the case of Borel-Moore homology theory, the base change formula does not necessarily hold. This drawback is remedied by introducing zigzags instead of correspondences, which will be discussed later.
For a proper maps f : M → X we have the commutative diagram: 
Here td(T g ) is the total Todd class of the relative tangent bundle T g of the smooth morphism g. Hence combining the above two commutative diagrams (3.5) and (3.6), for a correspondence (X
) with proper morphism f and smooth morphism g, we have the commutative diagrams: 
Proof. Since the naturality of the transformation td that the covariant functor G 0 (−) of Grothendieck groups of coherent sheaves satisfies the base change formula. Hence, as in the proof of Lemma 2.5, we see that (1) For an object X ∈ Obj(C orr
Remark 3.10. In the case of the above enriched category, we use the isomorphism class of proper-smooth correspondence, thus we need the fact that both functors G 0 (−) and H * (−) satisfy the isomorphism condition, i.e.,for any isomorphism h :
. But this follows from the fact that we have the following fiber square:
Remark 3.11. We define the following subcategories:
Here we note that 
necessarily an ℓ.c.i. morphism even if g : M → Y and k : N → Z are ℓ.c.i. morphisms. We can remedy this drawback, also by considering zigzags instead of correspondences, which we will also discuss later. 
is equal to the following composition td
This is due to the fact that for a variety X, the image of the homomorphism td Remark 3.14. Given any two kinds of classes of morphisms, we can consider correspondences similar to proper-smooth correspondences. Let M 1 , M 2 be two classes of morphisms such that they are stable by base change and closed under composition; i.e.,
(1) if f : X → Y is in the class M i , then for any fiber square
Then in a similar manner we can get the category Corr(V ) (M1,M2) and
(1) the functor E : V → A b is covariant for morphisms in the class M 1 , (2) the functor E : V → A b is contravariant for morphisms in the class M 2 , then the functor E : V → A b shall be called a partially bifunctor with respect to (M 1 , M 2 ). Let us suppose that a partially bifunctor E : V → A b with respect to (M 1 , M 2 ) satisfies (1) (The base change formula):
Such a partially bifunctor shall be called a nice partially bifunctor with respect to
V → A b be two nice partially bifunctors with respect to (M 1 , M 2 ) and let τ : E 1 → E 2 be a natural transformation. Then, in the same way as above we get the following: Define the functors
Then E 1 : Corr(V ) (M1,M2) → A b and E 2 : Corr(V ) (M1,M2) → A b are covariant functors and the natural transformation τ : E 1 → E 2 is extended to the natural transformation
Similarly we define E 1 : C orr(V )
) → A b are covariant functors and the natural transformation τ : E 1 → E 2 is extended to the natural transformation
Baum-Fulton-MacPherson's Riemann-Rioh was motivated by MacPherson's Chern class transformation [16] , which is the unique natural transformation c (1 1 X ) = c(T X) ∩ [X] the Poincaré dual of the total Chern class c(T X) of the tangent bundle T X (see [8] ). Here 1 1 X is the characteristic function on X.
For a proper morphism f : M → X we have the commutative diagram:
Here c(T g ) is the total Chern class of the relative tangent bundle T g of the smooth morphism g. The pullback g * :
is simply the pullback of functions, i.e., for a constructible function (1) For an object X ∈ Obj(Corr(V ) pro−sm ) = Obj(V ), (1) For an object X ∈ Obj(C orr(V )
Then 
is called a topological Radon transformation of constructible functions [6, 7, 17] 
for compact smooth manifolds X, Y, M is called the Verdier-Radon transformation in [7] (cf. [22] ). Here f and g can be any morphism and T g := T M − g * T Y is the virtual relative tangent bundle.
In [15] E. Looijenga defines the relative Grothendieck group K 0 (V /X) as the free abelian group generated by the isomorphism classes
for a closed subvariety W ⊂ V . For a morphism f : X → Y the pushforward
where we use the following fiber square:
Then it is clear that for morphisms g : X ′ → X and f :
it is a contravariant functor. We observe that the functor K 0 (V /−) satisfies the base change formula:
This follows from considering the following fiber squares:
In [3] we showed that there exists a unique natural transformation
. Here T y (T X) is the Hirzebruch class of the tangent bundle T X. The Hirzebruch class T y (E) of a complex vector bundle is
where α i are the Chern roots of the tangent bundle E. 
Here T y (T g ) is the Hirzebruch class of the relative tangent bundle of the smooth morphism g : M → Y . Thus, as in the above discussion, we obtain the following: (1) For an object X ∈ Obj(Corr(V ) pro−sm ) = Obj(V ), (1) For an object X ∈ Obj(C orr(V ) 
Γ y y r r r r r r r r r r
Goresky-MacPherson's homology L-class [11] , which is extended as a natural transformation by S. Cappell and J. Shaneson [4] (also see [21] ):There exists a unique natural transformation
Here Ω is the covariant functor assigning to X the cobordism group Ω(X) of self-dual constructible sheaf complexes on X. 
] also satisfy the Verdier-Riemann-Roch for smooth morphisms (see [3] ). Thus we can get the same formulations for these transformations. Here K 0 (M HM (X)) is the Grothendieck group of the derived category of mixed Hodge modules on X. and we also could consider whether one can extend characteristic classes of singular varieties to the enriched categories of algebraic cobordism of bicycles.
ENRICHED CATEGORIES OF ZIGZAGS AND CHARACTERISTIC CLASSES OF SINGULAR VARIETIES
Up to now we consider the Chow homology theory, not the Borel-Moore homology theory, for the homology theory. The reason for it is that the base change formula is not guaranteed in the case of Borel-Moore homology theory. However, if we use zigzags instead of correspondences, the Borel-Moore homology theory can be used, because we do not need the base change formula if we use zigzags.
Definition 4.1. The following finite sequence of correspondences is called a k-zigzag or a k-correspondence of complex algebraic varieties:
The set of all zigzags of finite length from X to Y is denoted by Zigzag(X, Y ).
Lemma 4.2. For two zigzags
we define the product α ∧ β by juxtaposition:
Then the juxtaposition ∧ is well-defined: Then we define the category Zigzag pro−sm (V ) of proper-smooth zigzags:
• Obj(Zigzag pro−sm (V )) = Obj(V ).
• For two objects X and Y , hom
Two proper-smooth zigzags (of the same length) (
The set of isomorphism classes of proper-smooth zigzag (of length k) becomes an Abelian monoid by taking the disjoint sum (1) For an object X ∈ Obj(Zigzag pro−sm (V )) = Obj(V ), (1) For an object X ∈ Obj(Z igzag(V ) ( (1) For an object X ∈ Obj(Z igzag(V ) 
COBORDISM BICYCLES OF VECTOR BUNDLES AND BAUM-FULTON-MACPHERSON'S TODD CLASSES
In this section we consider extending the notion of algebraic cobordism of vector bundles due to Y.-P. Lee and R. Pandharipande [14] to correspondences.
(2) (by the tensor product ⊗)
where we consider the following commutative diagram
The products • ⊕ and • ⊗ are both bilinear.
Remark 5.8. M * , * (X, X) + is a double graded commutative ring with respect to both products • ⊕ and • ⊗ Remark 5.9. We consider the above product
+ and M n,r (pt, pt) + = M n,r (pt) + , we have
which is, using the notations used in [14] , rewritten as follows
Remark 5.11. As to cobordism bicycles, as "bicycle" suggest, we can discuss bivariant-theoreti aspects, but in this paper we will not discuss them in details anymore. For more detailed properties and bivarianttheoretic aspects, see [26] . 
Then the functor H cℓ * : M * , * (V )
Proof. It suffices to show
The proof is the same as that of Proposition 3.8, but for the sake of readers' convenience we write it down.
As a corollary of the proof of the above proposition we get the following for M * , * (V ) + ⊗ , since ch(E ⊗ F ) = ch(E) ∪ ch(F ) for the Chern character ch:
Corollary 5.14. Let ch be the Chern character. Define H ch * : M * , * (X, Y )
Then the functor H ch * : M * , * (V )
Since a smooth map s : V → Y has the relative tangent bundle T s , we can make another functor as follows. 
Then the functor
Proof. It suffices to show that
The proof is the same as that of Proposition 5.13, but for the sake of readers' convenience we write it down.
(by the projection formula)
As a corollary of the proof of the above proposition we get the following for M m,r (X, Y ) 
Then the functor H
Theorem 5.17.
(1) Let us define
(2) For the Todd class td and the Chern character ch, we define H td,ch * : M * , * (V ) 
In other words it suffices to show the commutativity of the square on the right hand side, i.e., for an element We define the operations of pushforward and pullback of cobordism cylces of vector bundles for later use. We can of course discuss plausible or natural relations among the operations of product, pushforward and pullback of cobordism bicycles of complex vector bundles, but they are treated in [26] . Here we consider the following commutative diagram: Remark 5.21. We remark that when we deal with a smooth map f or g, both in pushforward and pullback, the first grading is added by the relative dimension dim f or dim g, but that when we deal with proper maps, the first grading is not changed. In both pushforward and pullback, the second grading (referreing to the dimension of vector bundle) is not changed. 
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